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1 Introduction 

Consider a smooth, strictly convex hypersurface £ locally parametrized by 
F(x) G M n+1 . The affine normal is a vector field £ = £c transverse to £ and 
invariant under volume-preserving affine transformations of M n+1 . The affine 
normal flow evolves such a hypersurface in time t by 

d t F(x,t) = £(x,t), F(x,0) = F(x). 

In jTj, Ben Chow proved that every smooth, strictly convex hypersurface 
in M n+1 converges in finite time under the affine normal flow to a point. In pQ, 
Ben Andrews proved that the rescaled limit of the contracting hypersurface 
around the final point converges to an ellipsoid. Later, Andrews [2] also 
studied the case in which the initial hypersurface is compact and convex 
with no regularity assumed. In this case, the affine normal flow, unlike the 
Gauss curvature flow, is instantaneously smoothing. In other words, such 
an initial hypersurface under the affine normal flow will evolve to be smooth 
and strictly convex at any positive time before the extinction time. 

In the present work, we develop the affine normal flow for any noncompact 
convex hypersurface £ in R n+1 whose convex hull £ contains no lines (if £ 
contains a line, the affine normal flow does not move it at all). As in j2j we 
define the flow by treating the £ as a limit of a nested sequence of smooth, 
compact, strictly convex hypersurfaces £ % . Our main new result is to classify 

*The first author is partially supported by NSF Grant DMS0405873 and by the IMS 
at the Chinese University of Hong Kong, where, in November, 2004, he developed and 
presented some of the material in Sections |21 and to students there. 
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ancient solutions — solutions denned for time (— oo,T) — for the affine normal 
flow. 

Theorem 1.1. Any ancient solution to the affine normal flow must be be 
either an elliptic paraboloid (which is a translating soliton) or an ellipsoid 
(which is a shrinking soliton). 

The proof of Theorem 11.11 relies on a decay estimate of Andrews for the 
cubic form Cj k of a compact hypersurface under the affine normal flow pQ . In 
particular, the norm squared \C\ 2 of the cubic form with respect to the affine 
metric decays like 1/t from the initial time. For an ancient solution then, 
we may shift the initial time as far back as we like, and thus the cubic form 
Cj k is identically zero. Then a classical theorem of Berwald shows that the 
hypersurface must be a hyperquadric, and the paraboloid and ellipsoid are 
the only hyperquadrics which form ancient solutions to the affine normal flow 
(the hyperboloid, an expanding soliton, is not part of an ancient solution). 

In order to apply this estimate in our case, we need local regularity esti- 
mates to ensure that for all positive time t, the evolving hypersurfaces C % (t) 
converge locally in the C°° topology to C(t). Thus Andrews's pointwise 
bound on the cubic form survives in the limit. We work in terms of the sup- 
port function. The C 2 estimates are provided by a speed bound of Andrews 
[2] and a Pogorelov-type Hessian bound similar similar to one in Gutierrez- 
Huang j!5j . These estimates provide uniform local parabolicity, and then 
Krylov's theory and standard bootstrapping provide local estimates to any 
order. 

Another key ingredient is the use of barriers. Here the invariance of 
the affine normal flow under volume-preserving affine transformations is im- 
portant. The main barriers we use are ellipsoids and a particular expanding 
soliton (a hyperbolic affine sphere) due to Calabi j3] . In particular, Gutierrez- 
Huang's estimate can only be applied to solutions of PDEs which move in 
time by some definite amount. Calabi's example is a crucial element in con- 
structing a barrier to guarantee the solution does not remain constant in 
time. 

Solitons of the affine normal flow have been very well studied jUE]- They 
are precisely the affine spheres. The shrinking solitons of the affine normal 
flow are the elliptic affine spheres, and Cheng- Yau proved that any properly 
embedded elliptic affine sphere must be an ellipsoid j^j. Translating solitons 
are parabolic affine spheres, and again Cheng- Yau showed that any properly 
embedded parabolic affine sphere must be an elliptic paraboloid jU]. 
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Expanding solitons are hyperbolic affine spheres, which behave quite dif- 
ferently. Cheng- Yau proved that every convex cone in IR n+1 which contains no 
lines admits a unique (up to scaling) hyperbolic affine sphere which is asymp- 
totic to the boundary of the cone j3 Ej. (For example, the hyperboloid is 
the hyperbolic affine sphere asymptotic to the standard round cone.) The 
converse is also true: every properly embedded hyperbolic affine sphere in 
M. n+l is asymptotic to the boundary of a convex cone containing no lines jB] . 
Our definition of the affine normal flow immediately provides an expanding 
soliton which is a weak (viscosity) solution, and our local regularity estimates 
show that this solution is smooth. 

We should note that Cheng- Yau jHj proved results for hyperbolic affine 
sphere based on the affine metric. In particular, a hyperbolic affine sphere has 
complete affine metric if and only if it is properly embedded in M. n+1 if and 
only if it is asymptotic to the boundary of a convex cone in M n+1 containing 
no lines. Our methods do not yet yield any insight into the affine metric of 
evolving hypersurfaces. If the initial hypersurface of the affine normal flow 
is the boundary of a convex cone containing no lines, then at any positive 
time, the solution is the homothetically expanding hyperbolic affine sphere 
asymptotic to the cone. Cheng- Yau's result implies the affine metric in this 
case is complete at any positive time t. It will be interesting to determine 
whether, under the affine normal flow, the affine metric is complete at any 
positive time for any noncompact properly embedded initial hypersurface. 
Presumably a parabolic version of the affine geometric gradient estimate of 
Cheng- Yau is needed, as suggested by Yau [23] . 

When restricted to an affine hyperplane, the support function of a hyper- 
surface evolving under the affine normal flow satisfies 

d t s = -(detdjs) - ^. (1.1) 

Gutierrez and Huang ^S] have studied a similar parabolic Monge-Ampere 
equation 

d t s = -(detdjs)- 1 . 

They prove that any ancient entire solution to this equation which a priori 
satisfies bounds on the ellipticity must be an evolving quadratic polynomial. 
Our Theorem 11.11 reduces to an similar result for (jl.lj) : The ellipsoid and 
paraboloid solitons provide ancient solutions to (jl.lj) which can be repre- 
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sented, up to possible affine coordinate changes, by 



( 



2n + 2 
n + 2 



) 



n + 2 
2n+2 



Vi + \y 




s = 



t 



respectively. Our result doesn't require any a priori bounds on the ellipticity. 
We do not require our solutions to be entire, but they do solve a Dirichlet 
boundary condition. See Section IT41 below. 

We also mention a related theorem due to Jorgens [Ej for n = 2, Calabi 
[3] for n < 5, and independently to Pogorelov [21] and Cheng- Yau [S] for all 
dimensions: 

Theorem 1.2. Any entire convex solution to 



is an quadratic polynomial. 

The graph of each such u is a parabolic affine sphere, and Cheng- Yau's 
classification provides the result. Our techniques do not yet yield an inde- 
pendent proof of this classical theorem: We do not yet know if the affine 
normal flow is unique for a given initial convex noncompact hypersurface. 
Even though any parabolic affine sphere may naturally be thought of as a 
translating soliton under the affine normal flow, the flow we define, with the 
parabolic affine sphere as initial condition, may not a priori be the same flow 
as the soliton solution, and thus may not come from an ancient solution in 
our sense. 

It is also interesting to compare our noncompact affine normal flow with 
other geometric flows on noncompact hypersurfaces. In particular, Ecker- 
Huisken and Ecker have studied mean-curvature flow of entire graphs in 
Euclidean space [12] JH] and of spacelike hypersurfaces in Lorentzian mani- 
folds |H] PO] [TT]. In [T^j, Ecker- Huisken prove that under any entire graph 
of a locally Lipschitz function moves under the mean curvature flow in Eu- 
clidean space to be smooth at any positive time, and the solution exists for 
all time. Ecker proves long-time existence for any initial spacelike hyper- 
surface in Minkowski space under the mean curvature flow fU] and proves 
instantaneous smoothing for some weakly spacelike hypersurfaces in 

In the present work, we prove instantaneous smoothing and long-time 
existence for the affine normal flow on noncompact hypersurfaces for any 



det dlu = c> 
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initial convex noncompact properly embedded hypersurface C C IR n+1 which 
contains no lines. In this case, the evolving hypersurface £(t) under the 
affine normal flow exists for all time t > (Theorem I8.2J) and is smooth 
for all t > fTheorem ll3.1|) . Moreover, the following maximum principle at 
infinity is satisfied: If C 1 and C 2 are convex properly embedded hypersurfaces 
whose convex hulls satisfy C 1 C C 2 , then for all t > 0, the convex hulls satisfy 
C jC 2 (t). This sort of maximum principle at infinity does not hold for 
all evolution equations of noncompact hypersurfaces. In particular, there is 
an example due to Ecker [lUj . of two soliton solutions to the mean curvature 
flow in Minkowski space, for which this fails. 

The affine normal flow is equivalent (up to a diffeomorphism) to the 
hypersurface flow by K n + 2 v, where K is the Gauss curvature and v is the 
inward unit normal. The techniques we use (the definitions and ellipticity 
estimates) should apply to flows of noncompact convex hypersurfaces by 
other power of the Gauss curvature. Andrews [2] addresses many aspects of 
the compact case of flow by powers of Gauss curvature. In particular, he 
verifies that for a < 1/n, any convex compact hypersurface in IR n+1 evolves 
under the flow by K a u to be smooth and strictly convex at any positive 
time t. In essence, we verify this in the noncompact case for a — l/(n + 2) 
(see Theorem 113.11 below). We expect the same result to be true in the 
noncompact case for all a < 1/n. We should note that for a > 1/n, flat 
sides of any initial hypersurface remain non-strictly convex for some positive 
time. We note that in the case of the Gauss curvature flow in M 3 (a = 
1), Daskalopoulos-Hamilton [S] study how the boundary of such a flat side 
evolves over time. 

Our treatment of the affine normal flow is largely self-contained. In Sec- 
tions 121 and El we recall the definition of the affine normal and the basic 
affine structure equations. We develop the computations necessary by using 
notation similar to that of e.g. Zhu j2S|: let F: U — > IR n+1 represent a local 
embedding of a hypersurface for U C M n a domain. Then we derive the struc- 
ture equations based on derivatives of F. Using this notation, we develop the 
affine normal flow of the basic quantities associated with the hypersurface 
in Sections 01 El and The main estimate we need on the cubic form is 
found in Section El These evolution equations are all due to Andrews [T] , 
and we include derivations of them for the reader's convenience. In Section 
we introduce the support function and some basic results we will need. 
We define our affine normal flow on a noncompact convex hypersurface C in 
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Section |S1 basically as a limit of compact convex hyper surfaces approaching 
£ from the inside, and we verify that the soliton solutions behave properly 
under our definition in Sectional 

In Section EH we turn to the estimates that are the technical heart of 
the paper. We prove an estimate of Andrews on the speed of the support 
function evolving under affine normal flow j2]. In particular, we verify that 
this estimate survives in the limit to our noncompact hypersurface. In Section 
ITT1 we prove a version of a Pogorelov-type estimate due to Gutierrez-Huang 
[15J, which bounds the Hessian of the evolving support function, and in 
Sectional we construct barriers to ensure that Gutierrez-Huang's estimate 
applies. Krylov's estimates then ensure the support function is smooth for 
all time t > 0. In Section El we verify that the evolving hypersurface is 
smooth as well, and relate the noncompact affine normal flow to a Dirichlet 
problem for the support function in Section The main results are proved 
in Section ITB1 

Our treatment of noncompact hypersurfaces as limits of compact hyper- 
surfaces is a bit different from the usual analysis on noncompact manifolds. 
Typically noncompact manifolds are exhausted by compact domains with 
boundary (e.g. geodesic balls on complete Riemannian manifolds or sublevel 
sets of a proper height function on a hypersurface considered as a Euclidean 
graph), and then a version of the maximum principle is shown to hold in 
the limit of the exhaustion. Our limiting process is extrinsic, on the other 
hand: We apply the maximum principle to \C\ 2 to derive Andrews's pointwise 
bound on compact hypersurfaces without boundary, which in turn survives 
in the limiting noncompact hypersurface. It is still desirable to implement an 
approach by intrinsically exhausting the hypersurface, to be able to use the 
maximum principle more directly on the evolving noncompact hypersurface. 
Perhaps the description in Section El of the affine normal flow in terms of a 
Dirichlet problem for the support function will be of some use. 

Acknowledgements. We would like to thank S. T. Yau for introducing us 
to the beautiful theory of affine differential geometry, Richard Hamilton for 
many inspiring lectures on geometric evolution equations, and D.H. Phong 
for his constant encouragement. 

Notation: Subscripts after a comma are used to denote covariant deriva- 
tives with respect to the affine metric. So the second covariant derivative of 
H is Hij, for example. Of course the first covariant derivative of a function 
is just ordinary differentiation, which commutes with the time derivative d t . 



6 



di will denote an ordinary space derivative. We use Einstein's summation 
convention that any paired indices, one up and one down, are to be summed 
from 1 to n. Unless otherwise noted, we raise and lower indices using the 
affine metric g^. 

2 The affine normal 

Here we define the affine normal to a hypersurface in a similar way to Nomizu- 
Sasaki |20], but using notation adapted to our purposes. 

Let F = Fix 1 , . . . , x n ) be a local embedding of a smooth, strictly convex 
hypersurface in M n+1 . Let F : Q —>■ M. n+1 , where Q is a domain in M. n . Let 
£ be a smooth transverse vector field to F. Now we may differentiate to 
determine 

d%F = gtf + ffaF, (2.1) 

di = fd-AidjF (2.2) 

It is straightforward to check that is a symmetric tensor, T^- is a torsion 
free connection, fj is a one-form, and A\ is an endomorphism of the tangent 
bundle. With respect to £, g^ is called the second fundamental form and A\ 
is the shape operator. 

Proposition 2.1. There is a unique transverse vector field £, called the affine 
normal, which satisfies 

1. £ points inward. In other words, £ and the hypersurface F(Q) are on 
the same side of the tangent plane. 

2. n = o. 

3. det gij = det(<9i_F, . . . ,d n F,^) 2 . The determinant on the left is that of 
an n x n matrix, while the determinant on the right is that on R n+1 . 

Note we have dropped the tildes in quantities defined by the affine normal 
(the connection term is an exception: see the next section). Condition Q 
implies that the second fundamental form g^ is positive definite, and thus 
we say g^ is the affine metric. Condition |21 is called that £ is equiaffine. 
Condition El is that the volume form on the hypersurface induced by £ and 
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the volume form on IR n+1 is the same as the volume form induced by the 
affine metric. 

The following proof of Proposition 12.11 will be instructive in computing 
the affine normal later on. 

Proof. Given an arbitrary inward-pointing transverse vector filed £, any other 
may be written as £ = (pC, + Z l diF, where is a positive scalar function and 
Z l diF is a tangent vector field. 

Condition El determines <fi in terms of £: Plug £ = + Z l diF into (|2.1|) . 
and the terms in the span of £ give 

9ij = ^>~ X ~9ij- (2-3) 

Now Condition El shows that 

<P~ n det g iS = det 9ij = det (ft F, . . . , d n F, £) 2 = 4> 2 det(ftF, . . . , <9 n F, £) 2 , 
and so 



det g i:j 



n + 2 

(2.4) 



Aet(d 1 F,...,d n F,^y 

Finally, we use the equiaffine condition to determine Z % : Plug in for £, 
set n = 0, and consider the terms in the span of £ to find 

-A^F = diifc + Z'djF) 

= d i( f>£+(f) d£ + diZ> d 3 F + Z> d%F 
= + - AidjF) + d { Z j djF + Z j (g^ + T-jdkF), 

= di<f) + 4>fi + Z 3 gij, 

Z* = -gVidrf + cPn), (2.5) 

where g^ is the inverse matrix of g~ij. □ 

Corollary 2.1. The affine normal is invariant under volume-preserving affine 
automorphisms of W l+1 . In other words, if $ is such an affine map, and £ is 
the affine normal filed to a hypersurface F(Q), then is the affine normal 
to ($oF)(0). 

Proof. The defining conditions in the proposition are invariant under affine 
volume-preserving maps on IR n+1 . □ 
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3 Affine structure equations 

Consider a smooth, strictly convex hypersurface in IR n+1 given by the image 
of an embedding F = F(x l , . . . , x n ). The affine normal is an inward-pointing 
transverse vector field to the hypersurface, and we have the following struc- 
ture equations: 



Here gij is the affine metric, which is positive definite. are the Christoffel 
symbols of the metric. Since + is a connection, then C t * is a tensor 
called the cubic form. A\ is the affine curvature, or affine shape operator. 
Equation (|3-H) shows immediately that 



Now consider the second covariant derivatives with respect to the affine 
metric 




9vZ + (Iy + C*)Fj, 
-A*F tk 



(3.1) 
(3.2) 




dl 3 F - v'; j:, 

tot + (%l\ k 

-A^jF jk - Aij£ - A^C kj F t e 



(3.3) 



Since £ f y = we have 



and the following Codazzi equation for the affine curvature: 




(3.4) 
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Recall the conventions for commuting covariant derivatives of tensors by 
using the Riemannian curvature R\j k - 



v % ~ v % = Rh nk vk i and w k,n - Wk,a = -R h iJk Wh. 



Therefore, 



= -9ik^ e jF : e + C ikj F >e + C ikj £, + C%C mj Fj 
+ 9ijA e k F je - C- jtk F :i - Cij k £ - C^C mk F ti 

From the part of this equation in the span of £, we see 

C{ k j Cij k , 

and so the cubic form is totally symmetric in all three indices. Lower the 
index R jkU = Rf ki g m e and compute 2R jkU = R jm - R jkU to find 

Rjku = \gikAji — \g%jA k i — \gi k Aji + \g^A ki — C^C m j£ + C™C mk £, (3.5) 

RjH = \{9ikA l j — gijA k — 5 e k Aji + 5jA ki ) — C^C m j + C^C l mk) 
and the Ricci curvature of the affine metric 

Rki — g^Rjkli — \gikH + ^-^Aki + C i C mk i. 

Note here that H = A\is the affine mean curvature. 

On the other hand we may compute = Rjka + Rjm to find the following 
Codazzi equation for the cubic form: 

Ciji )k — Ci k £ t j = \gijA k g — ~g ik Ajt + \gijA ki — ^g ek Aji. (3.6) 

Thus far, we have only used equations (|3.1|) and ()3.2|) to derive the struc- 
ture equations. The only constraint is that the transversal vector field £ be 
equiaffine. The position vector and the Euclidean normal are also equiaffine. 
Another important property of the affine normal is the following apolarity 
condition 

C\ 3 = 0, (3.7) 
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which follows from taking the first covariant derivative of Condition |3] in 
Proposition 12. II 

= d j det{F l ,...,F n ,0 

= det(F y , . . . , F >n , + • • ■ + det(F 1; . . . , F, nj , £) + det(F 1; . . . , F >n , 
= C* det(F 1; . . . , F n , + • ■ • + C n nj det(F 1 , ...,F n ,£) + 
= (C l ij )det(F >1 ,...,F jn ,0. 

The apolarity condition and ()3.3|) imply the following formula for the 
affine normal in terms of the metric: 



4 Evolution of g^, and K 

Let M n be an n-dimensional smooth manifold and let F(-,t) : M n *—>■ R n+l 
be a one-parameter family of smooth hypersurface immersions in R n+1 . We 
say that it is a solution of the affine normal flow if 

QtF = dF(^t)_ = ^ xeM n^ f>Q (41) 

where £ is affine normal flow on F(-,t). 

In a local coordinate system {x^}, 1 < % < n. The Euclidean inner product 
(•, •) on M n+1 induces the metric cjij and the Euclidean second fundamental 
form hij on F(-,t). These can be computed as follows 

9ij = (diF, djF) 

and 

where v is the unit inward normal on F(-,t). The Gaussian curvature is 

det hi 



K 



det gij 

By (J2HIJ) and ((23), the affine metric is 

hij i 

= —j- , where <j) = K n + 2 . 
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(Note that det g^ = det(<9i_F, . . . , d n F, z/) 2 .) Proposition 12.11 shows that the 
affine normal is 

f = -h ki d^d k F + <j)u = -g ki di{\n<p) d k F + <f>u. (4.2) 

(Note that v is equiaffine.) Also recall the affine curvature {A k } is defined 
by 

d£ = -A)d k F. (4.3) 

As we'll see below in Section |7[ the support function of a smooth convex 
hypersurface is defined by 

s = -(F,u). 

Proposition 4.1. Under the affine normal flow, 

dtF ti = -A k F jk , 
d t u = 0, 

-lm 



djV = -h 3l g lm F imi 

d t g i3 = -(A k g kj + A k g kl ) 

d t g ij = A\g k i + Alg k \ 

d t det gij = -2H det g i:j , 

d t hij = —(j>Aij, 

d t det hij = —H det hij, 

d t K = HK, 

d>6 H 



n + 2 
H 



d t gij = -- — g 9ij - Aij, 
d t s = -(f). 

Proof. We interchange partial derivatives and use equation (j4.1|) to get 

d t F ;i = d 2 tl F = d£ = -A k F >k . 

Note we have also used the definition of affine curvature in equation (|4.3jl . 
Since dfU is a tangent vector, 

d t v = [i) t ik /•;,}//'•'/•;, 

= -(u,dlF)g^F, 
= -(u,-A k F >k )rF :j 
= 0. 
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d p u = (d p v,F ti )g ij F tj 



d t 9ij = dt(diF,djF) 

= {d^F, djF) + (diF, d$jF) 

= (-A k l d k F ) d ] F) + (d l F,-A l ] d l F) 

= -A\g ki - A)g ki . 

d t det gij = (det g lm )g l3 d t gij 

= (det g lm )g ij (-A k g kj - A)g ki ) 
= -2(detg lm )H. 



OA, = d t (d^F,iy) 

= (df i:j F, v) + (d^F, d t u) 

= 

= {di{-A)d k F),v) 
= -A)h ik . 

d t det hij = (det h lm )h tJ dthij 

= (det h lm )h ij (-A k jh ik ) 

= -(det h tm ) H 

Recall the formulas for the Gaussian curvature K, the affine metric 
and 0: 

det h i:j h i:j i 

det g^ 4> 

13 



Thus, lowering the index on A\ by the affine metric, 

d t h i:i = -A\h kj = -<\)h kl A H h kj = -<pA lj: 



and 



Thus 



d t K = 0, 



det hij 



det gij 

(dt det h^) det g^ — det hij(d t det g^) 
(det gij) 2 

HK. 



n + 2 



n + 2 



□ 



n + 2" 

$a = -(«9 t F, !/) - (F, d t u) = -((/>u, u) - 

5 Evolution of the cubic form 

We use the structure equation (j3.1j) to compute the evolution of the cubic 
form. First, we need to find the evolution of the affine normal £ and of the 
Christoffel symbols. 

Proposition 5.1. Under the affine normal flow, 

dtC = ^—g ij H i F ! j + -?—Z 

n + 2 n + 2 

1 M+-^—H^+-^-A!7 i C^F tk . 



n+2 n+2 n+2 
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Proof. Recall £ = —gihicfy^F^ + §v. First note 

d t9 iq = -g l£ (d t9em )g m « = -g u (-JL- gtm - A £m ) = JL-p + A* 

\ n + 2 / n + 2 

(5.1) 

Then compute using Proposition 14.11 

dtt = <9 t (-^(ln0), 4 F fc + 0z/) 

= -(% fci )(ln0),F fc - g ki (d t \n ( f ) ) >i }F >k - ^(ln0),(9 t F fc ) + (dt<f>)u + 

tr - g ^ + A ki ) (In cj ) ) ji F >k -g ki/ H 



n + 2* J v r " ' " \n + 2 

n + 2 
1 # 

;.</"//,/•:, + — -c 



n + 2 ' ' J n + 2 
From equation ()3.3|) . we have 

Ae = //''c, = ^'(-A^.Ffe-^e-A"^^) = -//(•//"(-. /•:,-. ifn. ; r ( ). 

Now 

g ij A k ;j F >k = g"g kl .\,i.jl-\ = g^ g kl {A lhl +ATC ml3 -ATC m3 )F, k = g kl H^ k +AfC^ k . 
Hence 

A£ = -H£ - g kl H^ k - 2A™C ik F, k 

and 



1 . \ . 2 4 

fc- 



$ — A 1 £ = -^Hi + ^—A™C ik F 

n+2 r n+2 ^ n+2 1 m ' 



□ 



We also compute 



<9 t rJ = d t \g k \dig 3l + d 3 g it - 
Note o^r*- is a tensor; therefore, we may choose normal coordinates so that 
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dk9ij — ^ij — at time t — 0. In these coordinates, 



-ourr^w; + H d s k - g k % e9ij ) - \{a). + a\ 3 - ^a^) 



d t F i3 = d t dlF-{d t T k l3 )F k -Tl 3 d t F k 
= (d t F) tij - (9 t r|)F fe 

= in + 2(^2) W + ^ ~ 9 UH m)Fk 

+ l(A^ + A k J -g ke A ij/ )F, k 
= -A k jF, k - AyS - AfC^ + + A^. - g M A i j ) z)F^ k 




Now compute the evolution of F yi j 



On the other hand, 



d t F, 3 = d t ( 9lJ i + C k F, k ) 




+ (d t C k )F, k - C^A k F, k 
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Therefore, 



+ C{ 3 A\ + -L^gygTHt 

_ \ \ir<k \ \in k i r M a 

— ~2 /i i Ly ij ~~ 2 A j^ti ~ 2# 

+ 2(^T2) + ^ - 0*^) 

The second line follows from the first by the Codazzi equation (J3.4|) for A$ . 
Furthermore, 



H 



„ A | rik 1 Atf^i 1 Air* l 4 



n + 

+ 2(w + 2) ^'^ m + i? J' 5 ' iTn ~ ^.mPij) + C^-^m + ^^9ijH t1 

H 1 



n + 2 lJ " 1 2{n + 2) 
— ^{Aij tm — A m Cnj) — ^Aj^Cijm — ^A-Cfi m — ^A m Cnj 

Note the first term in the last line is totally symmetric by the Codazzi equa- 
tion flH3J) for A\. 

Now we compute the Laplacian of the cubic form. We use apolarity 
f)3.7p . the Codazzi equations ()3.4|) and ()3.6|) for A and C respectively, and 
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the curvature equation ([3.5)1 . 

= g^Cijk/m 

= ff* {Ci£k,jm + \9ijAkl,m ~ ^9i£^jk,m + ^9kj^U,m ~ ^9k£^-ji,m) 
= 9^ ^Uj,km + \^it,m ~ \ditH ,m + \^^-li,m ~ \^-ii,m 

9^ {pilj,mk RkmipC RkmipC^j Rkmjp^'i^) ~2~9il^ ,m 2^"^*> m 
= g^ k Ci£j jTn k — \9ilH^m + \ n ^-ti,m 

^ I \_2^-9ik^-mp 9im-^kp 9pkA m i 9pm-^-ki) ^ilflmrp ^irrPkrp\ 

~ [\{9£kA mp — 9i m Akp — 9pkA m £ + g P mAki) — C^ k C mrp + C\ m Ckrp\ 

9^ Cilp^2^9jk-^-mp 9jm-^kp 9pkA m j 9pm^kj) C j k C mr p ^jrrfij r p\ 

= 9^ ^ij(.,mk ~ \9itH^ m + \f^A-ii,m 

_l_ 1 n AVnk 1 Alri , nz-ir /-ip f~ik f~ir f~ip f~ik , 1 AP /~ik 

-T 29im /i k L/ pl ~ ^^i^mij T ^^j^mr'-'pf _ im°fcr°p£ "+* 2^ lmA k^pi 



lAkiC mi — Cg^C^rCpi — \nA p m C pit — \HC mit — Cj m Clj. p Cf e 



+ \9im-A?kPpt ~ l^iCmEj + 2(7^(7^.(7^ — (7^(7^(7^ + |^ m A|(7 p j 

1 ^ ^yfe y-ir sip sik ^ r, ap n i H"/^ n r no r^P 

— ^^ke^mi — ^im^kr^pi ~~ 2 M mV ~~ 2 UUmi£ ~ b jm U rp b j< 

Now the Codazzi equation ()3.4|) for and the apolarity condition ()3.7|) 
imply 

Apply this identity and the Codazzi equation (|3.4|) for A k to the first two 
occurrences of the covariant derivatives of A to find 

^Cii m = <7 J Cumjk — \9irrJl,l + \9tmfi ' ,i + \9ilM \m + \{ n + 2)(A k n Cki£ ~ A e 



'r _j_ /^r i ^/r /~<p s~ik i y^fr y^fj I 1_ TJ (~i 



Together with the evolution equation of (7, compute 



1 3 2 

~ _|_ 2 ^^ik^im^pj '' .//, A i/./ 1 " /.. 1 'A A ;»;< v i , ■ 



/ s-ims-ip fit I (-ims-ip fit I (-im(-ii fiP ' 
^\ u ik u £m u pj ^jk^lm^pi <~ u £k u mp u i: 

1 



2 
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To compute <9t|C| 2 , use ()5.1|) to show 

d t \C\ 2 = d t {C l3k g^g^g ks C qrs ) 

= SC^dtg^C; 8 + 2(d t C ijk )C ijk 

3tf \c\ 2 + acs^c* + - J-ac^* - -^-|q 2 



n + 2 1 1 iK ?r n + 2 v<v n + 2 

4 fi 

n + 2 m PJ ~ n + 2 fe m PJ ~~ ^a^H 

for P 4i = C&Cj A . Finally compute A\C\ 2 = 2AC ijk C ijk + 2|VC| 2 to find 

d t \C\ 2 = AICI 2 — IVCI 2 + -^C2Cl n CLC ijk —\P\ 2 - 

11 n + 2 1 1 n + 2 1 1 n + 2 ^ fem ra n + 2 11 

Now if ^ = C%C klm - C%C 3lm , we find 

< J|y| 2 = |P| 2 - q?c*qf,c^* 



2 

and so 



^jCf < A|C| 2 - -^-|P| 2 < A|C| 2 - . 2 J Cf 



n + 2 n + 2 n + 2 n(n + 2) 

since |C| 2 = P? and thus Cauchy-Schwartz applied to the eigenvalues of P 
implies \P\ 2 > ^|C*| 4 - We note this estimate of Andrews P is a parabolic 
version of an estimate of Calabi [3] on the cubic form on affine spheres, and 
is related to Calabi's earlier interior C 3 estimates of solutions to the Monge- 
Ampere equation [3]. 

The maximum principle implies the following estimate for \C\ 2 then: If £ 
is any compact smooth strictly convex hypersurface evolving as C(t) under 
the affine normal flow, then 

sup|C| 2 < 1 



c(t) (sup £(0) \C\ 2 ) l + ^^t 

Thus we get the following bound independent of initial data: 

Proposition 5.2 (Andrews [lj). Let C be any compact smooth strictly 
convex hypersurface evolving under the affine normal flow. Then 

2 n{n + 2) 
sup \C\ < . 

c(t) 
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6 Evolution of the affine curvature 

In this section, we treat the evolution of the affine curvature A l k , as computed 
by Andrews pQ, and also the evolution of the affine conormal vector U. At 
each point, U is defined by 

(U,£) = l, (U,F i } = 0, i = l,...,n. (6.1) 

(It should be clear that in this case, we are using the Euclidean inner product 
(•, •) only for notational convenience. As its name suggests, the conormal 
vector U is more naturally a vector in the dual space to R n+1 , not a vector 
in M n+1 itself.) 

Proposition 6.1. Under the affine normal flow, 

d t U = — U = — - — AU, 

n+2 n+2 

d t A\ = A\A) + ^H^ + ^H^C% + ^—A\, 
J n+2 n+2 J n+2 

I If 

dtAij = — —Hij-\ —Hjtg Cijk, 

n+2 n+2 

d t H = — - — AH + \A\ 2 H — H 2 . 

n+2 1 1 n+2 

dtAij = — — AAy — — ( 2A P CpmkC^ +2A C m ij i + A p C pm iCj 
n+2 n+2 \ J 

Proof. Compute d t U by differentiating its defining equation (JbMj) : 

(dtU, F t i) = -(U,d t Fj = -(U,-A*Fj t ) = 0, 

d t U = —U. 

n + 2 

Similarly, covariantly differentiate in space to find 

(U t ,0 = -(U,Q = -(U,-A*F tk ) = 0, 
(U^Fj) = -(U,F tij ) = -{U, g ij Z + C? j F, k ) = -g ij , 
(U tij , = -(Ui, Q = -(U ti , -A)F^) = -g u A) = -A ij: 



(U,ij, F }k ) — -(U, i} F }k j) — ~(U,i, gkji + C kj F t i) — gaC kj — C ijk . 
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Now for AU = g^Uij, we have (// ; T, r = -H, {g»U^F k ) = g»C ijk = 
by the apolarity of the cubic form. So AU = —HU and 

d t U = — AU. 
n + 2 

To compute d t A\, we use the defining equation for A: £ fi = —A\F^. Take 
dt to find 

(~^ H ^ k F,k + ~^- 2 dj = d t i, = -d t (A*F k ) = -{d t A\)F k +A>lAlF r 
So we have 

= AfAlFj - ^[-H A g ik F, k - Hj k F M 

+ H4 - HA$F, k ] 

= ( Ma) + -^—H a g ek + -^—H ig tj Ci + -^-A fe l 
V 1 3 n + 2 Ay n + 2 /y 31 n + 2 1 ) ' k 

Here we have used the structure equation (jH.ljl . 

<9 t A m = d t {g km A k ) 

= g km U\A k + -^-H u g a + -±—H^C% + — ^— A 
\ J n + 2 n + 2 J n + 2 

+ I ~~z9km ~ A km 

\ n + 2 

-H imi + H, e C- m . (6.2) 



n+2 ' n+2 



Finally, 

d t H = d t A\ 



A 3 A) + — ^—H a g a + -L-H^C^ + -^-A\ 
J n + 2 n + 2 J n + 2 

' -AH+\A\ 2 + " 



n+2 11 n+2 

by the apolarity condition = 0. □ 
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AA 



g kl Aij : ki 



g kl Aji t ki 



~ 9 (A™C m ij + Ajkj — A™C>, 



mjk)l 



— 9 (A m k,iC™ + A m C m j,jj + Ajk^i — A mi jCJl — A^Cmjkj) 



Ajk,u — Ajkji + R™jA mk + R ilk Aj 



jm 



= A 



kj,li 



U-9ijAT + 9ijAT + 5?A i3 - 5rA 3 ) + Cgq 



■m 

pi 



r~ip r~tm 
^ij^pl 



A 



\{-9ikAT + 9tk AT + 5?A lk - 8?A lk ) + C\ k C™ - C? k C™ 



A 



mj 



mk 



^■jk,u — Akiji + \A\ C m jk — Aj C m ik)i 
— A k [ji + {A m ijCJl + A^Cmjkj 



a ■ r m 

■"-mj^lk 



A n j l C m \k,i) 



n kl A 

9 A jk,il 



A l U mj,i 



H,ij + Ajni^C™ 1 + A™C,. 



1 n- ■ A m A 1 -L n A m A 



s~iV s~im a I , (~ip (~<m a I , s~ik a m 

^Ij^pi^m "T ^ij^pl ^-m "T ^ik^pm 3 



A mk C 

A mk a 



mkj,i 
mjk,i 



A [C rn ji : k + 2^9mkAji + 9jkA m i 9miAjk 9jiAmk)] 
Amkfi I lfij. A , A mk 



g kl A jk ,ii 



H y ij + A m i : iCj + A C m ij y k + \HAij — ^gijA m kA — ^g^Ai A ni 

, n Am A r~iV r~im A I , ^P /| I , >op j n 



P* m 



J ij pi m 



ik pm Iv i 
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AA; 



mi],, 



Amri 

i A _ ATnrt 
T s±jk,il ^i^mjk 



A^Cmjkj) 
A^Cmjkj) 



By the Codazzi equations ()3.4j) and ()3.fi|) . 

fci a rim tt rim i /)pfc/'~f /im 

i/ ST-mkJ^ij — H-^m^ij T ^pmk^ij} 

kl Am/~i fci /i i /1P/^ riml aP ri riml 

ij ^l^mjk — y ST-miJ*-' jk ~r ^i^mpl^j ~ ^\ ^ mpi^ j > 

y kl A^Cmjk^i = —(HAij + A™ 1 A m j — A™ A m j — nA™ 1 A m j) = — (HAij — nA™ A m j). 
Hence 

AAjj = y k \A m k^C™ + A^Cmjjy + Ajk^i — A^Cmjk — A^C m jk,i) 

rr /nrm _j_ Apkri rim , ^mZ^ \ TJ _j_ A rmd _j_ A-mkri 

— n ,m^ij ~r ^pmk^ij T /* ^mij,l T ~T I\ m l,i^j T /i ^mij,k 

-l. Iff A.. _ l n .. A , A mk — In- ■ A m A 1 -L H A m A . — r v r, m A 1 
\nVnmAl \nvr~fk A m — A ■ ,r iml — If R A ■■ — n A m A \ 

rr I tr /nfm _j_ 9 Apkri rim , o im//^ , /iP/^ /^mi 1 mri Wp 

— H ,ij ^~ £1 ,m^ ij ~T 4Si ^pmk^ij ~r { ~'mij,l~r /i i { ~'pml { ~'j ~r /ij ^Ipm^i 

— 2A pl y mn C pm iCi n j — yijA^A™ + nA™ A m j 
By the evolution equation (|6.2j) of A^-, 

dtAij = ———^A.Aij — — — — — ^2A P CpmkCij + 2A C m ij : i + A^Cp^Cj 

irilpn A m — r >A p C i .r ,rnl ~ n- ■ A k A m -i- n A m A 1 

+ °i ^Ipm^-j ^^l^pmt^j yil^m^k ^mjj- 



7 The support function 

In this section, we recall some standard facts about the support function of 
a convex body in R n+1 , derive the equation satisfied by the support function 
under the affine normal flow, and use convexity to prove local C° and C 1 es- 
timates for support functions of a family of smooth bounded convex domains 
exhausting a general convex domain. 

Below we will consider the following situation: Let /C = (J^i ^ be a 
convex domain in IR n+1 exhausted by bounded convex domains K l . Our 
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initial hypersurface £ = dK will then be considered as a limit of the more 
regular hypersurfaces D = dK, 1 . Let C l (t) and £{t) denote the affine normal 
flow with initial hypersurface D and £ respectively. 

Then, for an initial convex hypersurface £ = dK = d (U°^i ^) 5 we want 
local uniform estimates of the affine normal flow £ l {t) as £ % {t) — > £{t). In 
this section, we recall some standard facts about the support function and 
use convexity to prove C° and C 1 estimates locally in V°(s/c). 

Recall for £ = dK, the support function is defined for Y G M n+1 by 

s(Y) = sup(x, Y). 

xGK. 

Here are some important properties of the support function (see Rock- 
afellar [22] )• First of all, recall equation (|7.2|) that in the case £ is smooth 
and strictly convex, the total derivative of the support function ds = F the 
embedding. In our case, £ may not be smooth and strictly convex; but we 
may still recover the convex domain K from the support function. Take the 
Legendre transform of s : For x G M n+1 , let 

S(x) = sup (x,Y) —s(Y). 

y G Rn + l 

Then 6 is the indicator function of the closed convex set K. In other words, 

r/ \ _ J for x G K 
\ +00 for x K. 

Let T>(s) = s _1 (— 00, +00) c M. n+1 be the domain of the support function 
s, and let T>°(s) denote the interior of the domain. The support function 
of a convex domain K is always a convex, lower- semicontinuous function 
s : M n+1 — > (—00, +00] of homogeneity one. Moreover, any convex lower- 
semi continuous function s : M. n+1 — > (—00, +00] of homogeneity one is the 
support function of a closed convex set so long as s is not identically +00. 
The support function, since it is convex, is continuous on T>°(s) but may not 
be continuous on all of T>(s). 

The following lemma follows from the description above of the Legendre 
transform of the support function: 

Lemma 7.1. If Qi and Q2 are closed convex subsets o/M n+1 ; then Qi C Q2 
if and only if the support functions sq 1 < sq 2 on all M n+1 . 
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All of our estimates will be uniform on compact subsets of T>°(s) x (0, T] 
for some positive time T. So we need the following lemma to start 



Lemma 7.2. If K is a convex domain in R™ +1 which contains no lines, then 
for the support function s^, V°(s/c) ^ 0. 

Proof. We prove the lemma by contradiction. If T>°{sx) = 0, then then since 
T>(sfc) is a convex collection of rays, T>(s/c) must be contained in a hyperplane 
H = {Y : (Y,v) = 0}. Since sic\h is a convex function of homogeneity one 
on H, there is a linear function (Y, w) which is < s on 7i. Now consider the 
line L = {w + rv : r G R} , whose support function is 

e ( V \-f +°° fOT 7^0 

M J \ (Y» for (1» = 0. 

By construction, Sl < S/c on IR n+1 , and so L C by Lemma 17.11 The convex 
hull of L and any open ball in K, then contains another line contained in the 
open set /C, and this provides a contradiction. □ 

Proposition 7.1. Lei 

oo 

K = (J X? 

i=l 

6e convex bodies so that JC 1 C /C 4+1 . T/ien £/ie support functions s = 

= Sx;» satisfy Si + % > and — > s everywhere, and the convergence is 
uniform on compact subsets ofT>°(s). If, in addition, each K % is bounded 
with smooth, strictly convex boundary, then the C 1 norm of Sj is uniformly 
bounded on each compact subset ofT>°(s). 

Proof. First of all, it is clear from the definition of s that Sj+j > Si, and 
s(Y) = lim^oo s<(y) for all Y G R n+ i: 

s(Y) = sup(x, Y) = sup (x, Y) = sup sup (x, Y) = sup s^i(F) = lim Si(Y) 

since {s;(Y)} is an increasing sequence for all Y. 

Let C C X>° be a compact subset. Choose a compact C C X>° which 
contains a neighborhood of C. Note that on all of T>°, for all i, 

Si < Si < s. 
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Thus for F G dC, we have 



|c^(F)| < ■ 



dist (dC, dC) 

(Proof: For every direction v, consider restricted to the line L through Y 
with direction i>. Then the directional derivative of Sj at F is bounded above 
by the slope of the secant line of the graph of Sj through F and a point in 
L n dC.) 

Since each Sj is convex, the same estimate is true on all of C. Therefore, 
the C 1 norm of all the is bounded on C, and since we have pointwise 
convergence, Ascoli-Arzela implies uniform convergence of — > s on C. □ 

Now we recall the standard formulas for the support function of a domain 
with smooth and strictly convex boundary, in particular, relating it to the 
Gauss curvature. We also derive the parabolic Monge- Ampere equation the 
support function satisfies under the affine normal flow. 

Recall above that d t s = — = —K~. We now derive some standard 
formulas relating the Gauss curvature K to the support function s. 

Recall s(F) is a convex function on M n+1 which is homogeneous of de- 
gree one. Let F(x) denote a local embedding of a smooth, strictly convex 
hypersurface C = dJC. Then at any F(x) G C at which s(F) = (F(x),Y), 
Y is perpendicular to the tangent space Tp(x)£- By restricting to F on the 
unit sphere S n in R n+1 , we have a natural parametrization of C, which is 
given by the inverse of the Gauss map —v. For F(x) G C, let F = —v(x) 
be the outward normal. Then since C is strictly convex, x h- > F is a local 
diffeomorphism for F G S n , and we can consider F = F(Y) for F G S ra . We 
extend F to be homogeneous of order zero: 

F:M n+1 \{0}^M n+1 , F(Y)=F^r^j. 

Then s(F) = — (F, z/) and thus 

S (F) = (F,F) (7.1) 

for all F G R n+1 \ {0}. 

It is useful to consider the support function restricted to an affine hy- 
perplane of distance 1 to the origin in W l+1 . We may choose coordinates so 
that 

Y = (y,-l) = (y\...,y n ,-l). 
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By projecting from this hyperplane to S n , we still have a local parametriza- 
tion of our hypersurface £, and (|7.1|) still holds. Now differentiate (|7.1|) to 
find for i = 1, . . . , n 

dy l \ dy l ' / 
since Y is normal to C. Moreover, we use Euler's formula 



i=l y 



to show 

dF _J_\^ i dF - V i?L 

Qyn+l yn+1 / j y Qyi / j V Qyi ' 

ds I OF 



dy n+1 \ dy n+1 



Y )+F 



n+l 



= F n+1 

since Y is normal to the image of F . Thus at any Y G W n+1 \ {0}, the total 
derivative 

ds — (F 1 , . . . , F n+1 ) — F. (7.2) 
Now differentiate Y) = to find for i, j = 1, . . . , n, 

= ±(^Y 
dyi Xdyt' 

d 2 F , A dFi 



y dy % dyi / dy 
d 2 s dFi I d 2 F 



dy l dyi dy 1 \ dy l dyi ' 

d 2 F 



Y 



dy l dy 



3 



v\Y\ 



d 2 F 



dy l dy 



■3 



hij\/l + 
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Moreover, we compute for i,j — 1, . . . , n 
/OF OF 

dy l dyi 

dF n+l dF n+l n q2 g q2 g 

dy i dyi ^— ^ dy i dy k dyWy k 

dF i dFi d 2 s d 2 s 

,n+l + 



Qyn+1 Qyn+1 Qy l Qy k QyJ Qy k 





n 



8Fi t \ ^ Q2 S Q2 S 




ch/ ^ / ' dy l dy k dyidy 

> ' - - (y k y l + 

^ dy l dy k dyWy 1 ' 

<9 2 s \ , /hi. ^ , , / <9 2 s 



-r J det(y V + <* w ) det . 
QyiQyk J \QyiQy l 



;i + |y| 2 )det 



d 2 s 

Qy l Qyi 



So the Gaussian curvature 



det , l9 . n+2 / , d 2 s 

K = - — = (1 + \y\)~~ det 



detftj ' V dy l dyi 

i i / d 2 s \~ 

= ^ = (1 + |»|')-(<W W J ■ 

In order to address the evolution of s, we note a priori that there are 
two natural parametrizations F of our hypersurface. First, the affine nor- 
mal flow defines a particular parametrization at time t > given an initial 
parametrization at time t — 0. On the other hand, for any hypersurface 
F(y,t), there is a natural parametrization in terms of the inverse of the 
Gauss map —v. These two parametrizations are compatible in the following 
sense: 
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Proposition 7.2. Given a hypersurface £ C R n+1 parametrized by the in- 
verse of its Gauss map F : § n — > C, under the affine normal flow, F(y, t) is 
still a parametrization by the inverse of the Gauss map. 

Proof. The two parametrizations are related by the Gauss map —v. Under 
the affine normal flow, v satisfies dtf = by Proposition 14.11 □ 

Thus if we assume the initial parametrization is via the inverse of the 
Gauss map, the formulas developed in this section are still valid under the 
affine normal flow (and in any case the two parametrization merely differ by 
a diffeomorphism) . 

Denote by s(y) 

Y 
Y\ 



s(y) = s(y\...,y n ,-l) = ^T+W 

for y/|y| G § n . Thus we find under the affine normal flow 

, / V \ , / d 2 s \ ~~ 2 

d t s(y) = ^T+W dts UyA = -<PVT+W = ~ (det 



where we have used dts = —<p from Proposition 14.11 
We record this as 

Proposition 7.3. For any smooth solution to the affine normal flow, the 
support function s(y) as defined above satisfies 



8 The flow 

There is no question about the definition of affine normal flow beginning at 
a smooth strictly convex compact hypersurface in K n+1 (this is true for any 
convex compact hypersurface by Andrews [2]). It is convenient to define the 
affine normal flow for an open convex domain in M n+1 by performing affine 
normal flow on the boundary of the domain. In this way we let = J{t) 
denote the affine normal flow of J a bounded domain with smooth strictly 
convex boundary in M ra+1 . For t larger than the extinction time, define 
VtJ = Jit) = 0. 
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Note to pass from a convex embedded hypersurface £ to a domain J 
with £ = dj, set J to be the interior of the convex hull (C)°. 

Consider an open convex region K, C W n+1 which contains no lines. Then 
the boundary <9/C is a properly embedded convex hypersurface in M n+1 . We 
define the affine normal flow on the hypersurface dJC by its action on the 
interior of its convex hull /C. Now we define the affine normal flow on the 
hypersurface dJC and on the region K, by 

m = U j®> t 8 - 1 ) 

JCK 

where each J in (J8.1)) is a bounded domain with smooth strictly convex 
boundary. 

Lemma 8.1. If £ is a compact convex hypersurface in R n+1 ; then our defi- 
nition of the affine normal flow £(t) corresponds with the usual one. 

Proof. If £ is strictly convex and smooth, then this follows at once from the 
maximum principle. Otherwise, Andrews [2j shows that there is a viscosity 
solution £{t) to the affine normal flow which is unique provided that the 
Hausdorff distance from £{t) to £ goes to zero as t — > 0. Moreover £(t) is 
smooth and strictly convex for positive t less than the extinction time. 

Our definition £(t) is clearly a viscosity solution, and the Hausdorff con- 
vergence property is satisfied by Lemma 18.31 below. Therefore, Andrews's 
uniqueness result implies £{t) = £(t), and so our definition coincides with 
the standard one in the compact case. □ 

Remark 8.1. We recall (see e.g. JB/) that a viscosity solution to a hyper- 
surface flow problem is a family of hypersurfaces £{t) with initial condition 
£(0) = £ so that: 1) If J is a smooth hypersurface contained in £, then the 
evolving hypersurface J(t) is contained in £(t) for all t G [0, T], and 2) If J 
is a smooth hypersurface containing £, then the evolving hypersurface Jit) 
contains £(t) for all t e [0, T]. In short, a viscosity solution £{t) is one for 
which the maximum principle always works, even if £(t) does not have C 2 
regularity. 

The following proposition depends on estimates proved by Ben Andrews 
in the case of compact hypersurfaces Below, we prove local versions of 
the estimates needed. 
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Proposition 8.1. Let K. 1 and K, be open convex bodies containing no lines 
so that 



k = \Jk\ /cc/e +1 . 



i=i 



Then for allt > 0, 



JC(t) = \J)C i (t). 
i=i 

Proof. Let J C /C be a bounded domain with smooth, strictly convex bound- 
ary. Then 

oo 

J = (Jj\ J l = jn K\ 

i=l 

Then we claim that 

oo 

1=1 

To prove the claim (|8.2j) . we recall estimates of Andrews [21 Section 8] 
for compact convex hypersurfaces (we prove local versions of these estimates 
below) . 

By exhausting J % = IJj=i -^j by nes t e d domains Z- with smooth, strictly 
convex boundary, the affine normal flow J l {t) is defined as a limit as j ' ^ oo 
of the affine normal flow XUt). The support functions s z » — > Sji uniformly on 

compact subsets of M n+1 as j — > oo. The resulting C° estimates automatically 
entail parabolic C 2,1 estimates for positive t (see below), and then Krylov's 
theory implies parabolic C 2+a,1+ z estimates. These estimates ensure that 
the limit Sj%(t) of the s X i(t) exists and is smooth for t > 0. Andrews shows 
this solution is unique by applying barriers and the maximum principle. 

The key point is that C° estimates on the support function of convex 
bounded regions imply local parabolic C 2+a,1+ % estimates of the affine normal 
flow for all times t > 0. Since J = IJi=i \ we have that s ji — > sj locally in 
C°. Therefore, under the affine normal flow, Sji(t) converges to a limit s(t) 
locally in parabolic C 2+Q ' 1+ f for t > 0. Since J = J\ the limit s(t) 
converges uniformly on convex sets to sj(0) as t — > 0. Andrews's uniqueness 
argument then shows that s(t) = sj(t) and the claim (|8.2j) is proved. 

Now use (|8.2|) to compute 

too \ / oo \ oo 

i=l J JCK. \i=l / i=l 
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{JJ of course represents bounded domains with smooth, strictly convex bound- 
aries.) On the other hand, 

CO / \ CO 

m = U = U J ® D U U = U 

jet J"cU£iX;* i=i \jck> / t=i 

This completes the proof of Proposition 18.11 □ 

The following corollary ensures convexity 

Corollary 8.1. JC(t) is convex for all t > before the extinction time. 

Proof. Choose each /C in the previous proposition to be a bounded domain 
with strictly convex smooth boundary. Then JC(t) is an increasing union of 
convex sets. □ 

We verify that our definition satisfies the semigroup property: 

Lemma 8.2. \M> S /C = * t+s /C. 

Proof. We work in terms of the support functions. Let sjc(Y,t) denote the 
support function of the domain \I/i/C. We claim 

s K {Y 1 t + s) = s 9 . K (Y,t). (8.3) 

To prove the claim, write /C = U^i where each K % is a bounded 
domain with smooth strictly convex boundary and K, 1 C )C l+l for all i. Since 
the semigroup property holds for each /(?, we have 

^ t+s K l = m^slC 1 =}► s Ki (Y, t + s) = sy sK i (y, t) 

for all t, s > and y £ IR n+1 . Now let i — > cxd. Propositions 17. II and 18. II then 
prove the claim (|8.3|) . 

The lemma follows from ()8.3|) because any open convex domain can be 
recovered from its support function by taking the Legendre transform |2*2*] . 

□ 

We also have a lemma on the continuity of the flow: 

Lemma 8.3. For any t > 0, and /C a convex body in M n+1 containing no 
lines, 

t>T 
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Proof. By the semigroup property, we may assume r = 0. Consider any 
point p G K. Since /C is open, there is a small ball around p contained in 
/C. This ball acts as a barrier under the affine normal flow, and p G JC(t) for 
t > the extinction time of the affine normal flow of this ball. □ 

By means of outer barriers, we show our definition actually corresponds 
to the usual definition of affine normal flow for a smooth, strictly convex 
hypersurface. Let Aff(n + 1) denote the special affine group SL(n + l) ixIR n+1 . 

Proposition 8.2. Let C C M. n+1 be a properly embedded convex hypersurface 
which contains no lines. Assume in a neighborhood of a point p G C that C 
is C 2 and strictly convex. Then 

dC 

— ip) = £ p modT p {C{t)). 

Remark 8.2. This proposition should also follow from the estimates proved 
below (what is still needed in addition is a local version of Andrews's speed 
bound). 

Proof. Note that of course the derivative ^jjr(p) is defined only when C(t) 
is locally parametrized. This parametrization defines the derivative, but 
different parametrizations may cause it to vary by an element of the the 
tangent space T p (C(t)). 

Since is a semigroup, we may assume t — 0. 

To proceed with the proof, we need a lemma on choosing nice coordinates. 

Lemma 8.4. Let p G C C R™ +1 , and let £ be a C 2 strictly convex hyper- 
surface near p. Then there is an element $ G SL(n + 1,R) x so that 
p i— > and the image locally is 

HC) = {x n+1 = l\x\ 2 + o(\x\ 2 )} (8.4) 
for x = (x 1 , ■ ■ ■ , x n ), 7 > 0. 

Proof. This amounts to using Aff(n+1) to choose coordinates. Use a rotation 
to set the inward-pointing normal to be e n +i, and translate so that p is at 
the origin. We can still move the tangent plane {x n+1 = 0} by an action of 
SL(n,R). Since C is strictly convex, we have 
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for {dij) a positive definite symmetric matrix. Use the action of SL(n, R) to 
send the ellipsoid aijX l x^ < C to a sphere of the same volume. This amounts 
to setting a^- = ^6ij for a positive constant 7. □ 

Locally we write C(t) = {x n+1 = f(t, x)} for /(0, x) = f(x) given in (|8.4|) . 
Modulo a tangential piece, the affine normal to £ at is £ = (det fij)"+^e n+ i 
(see e.g. Nomizu- Sasaki, page 48). Thus we want to show that 



df 
dt 



(0) = (det^-)^- 



In other words, we want to show 

, im sup /M)-/(°.°) < (det /„) A < lim tat /(i - 0) ' /(0 -°>. (8.5) 

The left-hand inequality in (J8.5j) is equivalent to showing that for each 
smooth strictly convex hypersurface 7i C C, p G T~i, the affine normal of 7i 
at p is < (det fij)™+^- This is true by the definition. Consider 7i a compact, 
strictly convex, C 2 hypersurface so that 7i C C and TC coincides with £ in 
a neighborhood of the point p. Then the definition gives C(t) D TC(t) for all 
small positive t. Therefore, the left-hand inequality in (j8.5j) is proved. 

To show the right-hand inequality in (J8.5|) . we find specific hyperboloid 
barriers whose e n+ i component of the affine normal at p approaches (det /y) **+ 5 . 

So choose e > 0. Then consider hyperboloids of the form 

{x n+ i = G(x) = \/a\x\ 2 + (3 - a/5} 

for a, P > 0. Then compute the Hessian matrix Gy(0) = (3~^a5ij. Fix a 
and (3 so that /3~5q/ = <y — e so that 

G(x) = G^x) = A/v^(7-e)|x| 2 + /? - y/ji. 

Then for x in a small ball B near 0, G\{x) < f{x) by (|8.4j) . Now since L is 
convex, C\B lies above the graph of a function c|x| for c a positive constant. 
Gp(x) — > as /3 — > + , and moreover dGp/df3 > 0. So we may choose /? close 
to zero so that Gp(x) < f(x) on 1? and also Gp{x) < c|x|. Therefore, £ lies 
above the graph of G@(x), and the graph of Gg is a barrier to all compact 
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hypersurfaces contained in C. The e n +\ component of the affine normal of 
the graph of Gp at is given by 

/ d 2 G . . 
Therefore, by our definition of affine normal flow, we have 

t^o+ t - w ; 

for all e > 0. Now let e — f and Proposition 18.21 is proved. □ 

An important and easy consequence of our definition is the following 

Theorem 8.1 (Maximum principle at infinity). Consider two convex 
domains K} C K? . Then for all positive t, )C (t) C JC 2 (t). 

Remark 8.3. There are other natural flows for which such a global maximum 
principal fails. For example, there is an example in Ecker \l(Jf in which two 
spacelike soliton solutions to the mean curvature flow in Minkowski space 
cross at infinity in finite time. 

Theorem 8.2 (Long Time Existence). Let K, be an unbounded convex 
domain in IR n+1 which contains no lines. Then for all t > 0, K(t) ^ 0. 

Proof. It is well known that such a /C contains an infinite half-cylinder in 
M n+1 . Therefore, /C contains ellipsoids of unbounded volume, which in turn 
have unbounded extinction times (the ellipsoids are equivalent under the 
action of Aff(n + 1) to spheres of unbounded volume; these have unbounded 
extinction times, as in Example Q). The maximum principle then completes 
the proof. □ 

Proposition 8.3. If JC is a convex domain in M n+1 which contains a line, 
then the affine normal flow leaves K unchanged. 

Proof. Let p G /C and recall K, is open. Then /C contains a round cylinder 
centered at p. This cylinder contains ellipsoids of arbitrarily large volume 
centered at p, which act as barriers to the affine normal flow. These barriers 
ensure that p is always in K,(t). Thus JC(t) = /C for all t > 0. □ 
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9 Soliton solutions 



It is well-known that solitons of the affine normal flow are the convex properly 
embedded affine spheres — see Proposition 19.11 below. These were classified 
by Cheng and Yau jB] • 

Proposition 9.1. Under the affine normal flow, an expanding soliton is a 
hyperbolic affine sphere, a translating soliton is a parabolic affine sphere, and 
a shrinking soliton is an elliptic affine sphere. 

Proof. This is a simple local calculation. F = F(x) is a local embedding of 
an expanding soliton which expands away from a central point P at a given 
point in time if and only if 

d t F = £ = X(F -P) + FFt 

for A a positive constant and Z l F^ a tangent vector field. 

The equiaffine condition of the affine normal (as in Proposition ^. states 
that £j is contained in the tangent space. Thus we compute 

O = XFj + Z l F 4j + Z] 3 F^ = (X8} + Z^Fj + Z\g^ + C*F fc ). 

By comparing both sides of the equation in the span of £, we find Z l gij = 0, 
and so the tangential piece Z % = 0. Therefore, £ = X(F — P), which is the 
equation for a hyperbolic affine sphere centered at P. The cases of shrinking 
and translating solitons are essentially the same. □ 

So shrinking solitons are elliptic affine spheres, and the only properly 
embedded examples are ellipsoids jHJ, which are images under Aff(n + 1) 
of the Euclidean spheres discussed above. Since they are compact, Lemma 
18.11 shows our definition corresponds with the classical one. We record the 
example of the round sphere. 

Example 1. For a sphere of radius r in IR n , the affine normal £ is r n +' 2 
times the unit inward normal vector. So then, the affine normal flow d t F = £ 

n 

becomes the ODE dr/dt = —r n + 2 , and so the radius at time t satisfies 

( n + 2 
2^ 2n + 2 \ 2 "+ 2 
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The extinction time of a sphere with initial radius r is 

2n + 2 r ° • 

Note that if the initial radius (or the initial enclosed volume) of a family of 
spheres tends to oo, then the extinction time goes to oo. 

Translating solitons are parabolic affine spheres, and the only properly 
embedded examples are elliptic paraboloids. Expanding solitons are hyper- 
bolic affine spheres, and for every convex cone in R n+1 containing no lines, 
there is a homothetic family of hyperbolic affine spheres asymptotic to the 
cone (for the standard round cone, these are simply hyperboloids) . In the 
next few examples, we verify that our definition of affine normal flow leads 
to the correct behavior for these solitons. 

Example 2. We consider the paraboloid C = {x n+1 = \x\ 2 }. Our affine 
normal flow is invariant under the action of Aff (n + 1). Consider a point 
P = (x 1 , . . . , x n+1 ) on the paraboloid. Then the following map in Aff (n + 1) 
preserves the paraboloid: 

(x\...,x n ,x n+1 ) i-> (^x 1 +x\...,x n + x n ,x n+1 +x n+1 + 2^V^ . 

This map sends the origin to P, and also sends 

(0,...,0,c)-P + (0,...,0,c). 

Since ^ t is invariant under such transformations, each = C{t) must be 
a paraboloid x n+1 = \x\ 2 + c(t), and since is the usual affine normal flow 
pointwise, C(t) is the standard translating soliton. 

Example 3. Let C be a convex cone in R™ +1 which contains no lines and has 
the origin as vertex. Then C is invariant under scaling by positive constants. 
Of course, such homothetic scalings are not in AS(n + 1) in general, but we 
can still use the scaling properties of the usual affine normal flow to determine 
how ^> t C = C(t) scales in time. 

It is straightforward to check that for each compact convex region JC and 
scale parameter A > ; 

^t(X)C) = A\l/ tA -(2n + 2)/(n+2)/C. 
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Because 

JCcC A/CcC, 
and by our definition of^ t , then 

* t (C) = * t (AC) = A* tA -(2„ +2) /(» + 2)C 
for all A > 0. TTmzs /or all t > 0, we have 

n+2 

iff t C = t^+^xC. 

Thus the hypersurface evolving from any such cone C scales as a hyperbolic 
affine sphere under the affine normal flow. Indeed, this expanding soliton 
is (homothetic scalings of) Cheng-Yau's hyperbolic affine sphere. The local 
regularity results below will prove that this viscosity solution is the same as 
Cheng-Yau's smooth solution. 

If the cone C is homogeneous, then we can use the full affine symmetry 
group to conclude much more. Below we analyze the affine normal flow of 
Calabi's example jl]. The case of the hyperboloid is similar (the symmetry 
group being the Lorentz group in this case). 

Example 4. Let C = C(0) be the boundary of the first orthant. Then since 
C is invariant under multiplying all the coordinates by positive scalars, and 
the flow is invariant under Affin + 1), C(t) is invariant under the group 

G?={(Ai,...,A n+ i):A i >0,JlA i = l} 

acting by 

{x\...,x n+1 )^{X 1 x 1 ,...,X n+1 x n+1 ). 

At time e, Calabi's example does move (consider a hyperboloid containing the 
first orthant with vertex at the origin). By group invariance, C(t) must be of 
the form 

| Y\ x = const - ; x% > o j , 

which is an orbit of G. Proposition Iff. 6 J shows that at time t > 0, our flow 
is the affine normal flow pointwise. The radial graph of ^> t C must solve an 
ODE in t, and so it must be the standard solution 

C(t) = {(x\ . . . , x n+1 ) G R n+1 : x l > 0, J]V = c n t^} 

i 

forc n = {n + 1)3(^2) 
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10 Andrews's Speed Estimate 



The following proposition is essentially found in Andrews |5j , following work 
of Tso [21] , although the statement of the proposition in {2. is slightly incor- 
rect. 

Proposition 10.1. Let s be the support function of a smooth strictly convex 
compact hypersurface evolving under affine normal flow. If s(Y,t) > r > 
for all Y E E> n and t E [0, T], then 

\d t s\ < (c + c'r*&\ s 

on § n x [0, T], where C and C are constants only depending on r and n. 
Proof. Consider the function 

-d t s 
q ~ s-r/2' 

We apply the maximum principle to logg = log|<9 4 s| — log(s — r/2). In 
particular, at a fixed time t E [0, T], consider a point Y E S> n at which q at- 
tains its maximum. By changing coordinates, we may assume that this point 
Y = (0, . . . , 0, —1) is the south pole. Then, as in Tso, consider the coordi- 
nates y = (y 1 , . . . , y n ) for s restricted to the hyperplane {(y 1 , ■ ■ ■ , y n , — 1)}. 
At y = 0, we have for i = 1, . . . , n 

Qogg)i = ^ = —^7= (10.1) 

s t s — r/2 

The condition for (logg)|§n to have a maximum at the south pole is 

(logg)y + (logg) n+ A i < (10.2) 

as a symmetric matrix. Here we use subscripts to denote ordinary differen- 
tiation fi = d y rf and f t = d t f. 

To compute the second term in ()10.2j) . use Euler's identities 

n+1 n+1 

^2y l s ti = s t , ^2y l Si = s 

i=l i=l 
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at the point Y = (0, . . . , 0, —1) to conclude s tn +i = — s*, s n +i = — s, and 

r/2 

(logg) n+ i = -. 

s — r/2 

For the first term in (jl0.2|) . compute 



" ~ ~ ~ ~sf~ ~~ s - r/2 (s - r/2) 1 



ogqjij = — y~ J — + 

s t sf 

s t s — r/2 
at y = by ffTTTTT]) . Thus <fTTTT^f> becomes at y = 

r/2 Sty Sjj 



+ ^— < 0. (10.3) 



s — r/2 s 4 s — r/2 

Now, we compute using the flow equation (|7.3jl 

(logg)* = d t \og\d t s\ - d t \og(s - r/2) 

— d t logdet(sy) - 



ri + 2 & v 3J s -r/2 



1 a v. Si 



n + 2 S s - r/2 

for s 1 - 7 the inverse matrix of sy. Then (jl0.3j) implies that 

(logg)t < 3—77 • - — — <% s 



n + 2 s-r/2 J n + 2 s - r/2 

r/2 . u 2n 
( 1 (S U S ■ o f /- 



n + 2 * J n + 2 

r / 2 2 r u , 2n 2 

% < T^T SijS lJ + ^— <f. 

n+2 n+2 

Now if we let m be the eigenvalues of s lJ , or equivalently the reciprocals of 
the eigenvalues of Sy, then we see 

1 n 

^ /n \„ +2 / x n \ n+2 , 1 
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by the arithmetic-geometric mean inequality. Therefore 



OjjS > n|s 4 | " = nq " [s — r/2) » > nq ™ {r/2) » 
since s > r. And so finally, at y = 0, and thus at any maximum point of 

. . . 2n+2 

n r/2) n 3n+2 2n 9 . jN 

qt < - K 1 ' q— + ~~9 ? • 10 - 4 

n+2 n+2 
Now define = maxy g §n g(Y", £). Then (I10.4J1 implies that 

„ „o / 2n+2 „ n+2 , \ 

Qt < ~Q [c n r — Q— - c' n j 
for constants c n , depending only on n. Therefore, 

C _2n+2 _, n 'l 

Q< max <c n r «+ 2 , c n r t 2 »+ 2 ^ (10.5) 

for c n , new constants depending only on n. The result easily follows. 

Remark 10.1. Q may not be differentiable as a function oft, but the above 
estimate MO. hi) still holds — see e.g. Hamilton \1 (\ Section 3]. 

□ 

11 Gutierrez-Huang's Second Derivative Es- 
timate 

In this section, we follow Gutierrez- Huang JTj] to find an upper bound of the 
Hessian of solutions to the equation satisfied by the support function under 
the affine normal flow 

ds - - (det — ^ ^ 

This is a parabolic version of an estimate of Pogorelov for elliptic Monge- 
Ampere equations. We will treat the slightly more general case 



41 



for p(y) a smooth positive function on M n and a a positive constant. Gutierrez 
and Huang considered the case p(y) = a = 1. The reason we introduce p(y) 
is that the evolution of the support function of a hypersurface by a power of 
the Gauss curvature involves a term p(y) which is a power of 1 + \y\ 2 . The 
calculations are essentially the same as those in [To] . 

First we define a bowl-shaped domain in spacetime and its parabolic bound- 
ary. A set Q C M. n x R is bowl-shaped if there are constants t Q < T so that 

n= |J ft t x{t}, 

t <t<T 

where each fi t is convex and C fi t2 whenever ti < t%. The parabolic 
boundary of f2 is then dVt \ (Vt T x {T}). 

Proposition 11.1. Le£ u be a smooth solution to Ml.l)) which is convex in 
y, and let Q be a bowl-shaped domain in space-time K™ x R so that u = on 
the parabolic boundary ofQ. Let (3 be any unit direction in space. 
Then at the maximum point P of the function 

w = \u\ d}pu e ^ u) \ 

w is bounded by a constant depending on only a, p, u(P), Vtt(P) and n. 

Proof. Choose coordinates so that (3 = (1, 0, . . . , 0) and so that at a max- 
imum point P of w, Uij = d yiQ y j is diagonal (in order to bound all second 
derivatives upp, it suffices to focus only on the eigendirections of the Hessian 
of u). 

Since w is positive in Q and on the parabolic boundary, there is a point 
P outside the parabolic boundary of Q at which w assumes its maximum 
value. We work with logw instead of w. Then at P, 

(logw)i = 0, (logto)t>0, (logw)ij- < 0. 

Here we use i,j,t subscripts for partial derivatives in y\ yi and t, and the 
last inequality is as a symmetric matrix. These equations become, at P, 

U« Mil,- 

- + — + Ul u u = 0, (11.2) 

U Mn 

\ \-uiu lt >0, (11.3) 

U Mn 

u i:j muj una umuuj f v 

— n— 1 - + u X jU Xi + uiuuj < 0. (11.4) 

01 tl A 01,-. 11* J J 
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To use ()11.3|) . we compute 

uit = [-p(detu ij )~ a ] 1 

= (detMy) _Q (-pi + apu l3 Uiji), 
unt = (det Uij)' a 

x \2ap\ u^Uiji — a 2 p(u l i Uiji) 2 — p n — apu UknUyi + apu^Uiju] 

where M iJ is the inverse matrix of the Hessian m^-. Now plug into (jll.3j) and 
divide out by (detWjj) - " to find 

— [2apiu lj Uiji — a 2 p(u lj Uiji) 2 — pn — apu lk u jl u k nUiji + apu^Uijn] 

Mil 

-?- + u l (-p l + apu ij u ijl ) >0 (11.5) 
u 

The last term of the first line of (jll.5j) leads us to contract (jll.4|) with 
the positive-definite matrix u y so that at P: 

n \ ii ( U ij U i U i , U ^ij UmUuj 

> u I H t-^- + UuUu + U\U\ij 

n 1u l iuiUj u^Uiuj u l iu(a\U\j u^UjUiUu 



u u 2 Un u u 

— u^u\uiiUij + u^UijUu + u^UiUuj (by (jll.2j) ) 

n 2u l ^UiUj u^Umj 2m? 2 

7, — - H UiUxi + Mn + U J UxU lij 

u u z Mn u 

(since mj is diagonal at P) 



n 2u %:i UiUj 2u\ 2 ij 1 Pi M i 



> tt^- - U\U\\ + Mn + U LJ U\U\ij H . 

m m m era ap 

_ ^ __ 2p 1 u lJ u ijl a^Ujji) 2 pn _ u lk u> l u k i\Uijx 

pun Mn apMn Mn 
(by (HOD) 

i 1 n 2 r> 2 

> ^-2> — i i - «M U + Mn + ^-^ 

M f—' M z Mjj M Ctp 

1=1 

9 no 

PI + Pn + j-v Wyi 



ap 2 Mn apMn ^ uuUaUjj 
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by collecting terms, completing the square, and since is diagonal at P. 
Continue computing 



i 1 n 2 r> 2 

> ^-2> — l - l - - u\u n + u xl + ^-^ 

u z — j' u tin m ap 



ap 2 u u apu u u\x u\ x un 

n + \ 2u? 2m? n pi^i 

- 1 - + Mil + ^-^ 

it m^h u ap 

p\ Pn , 2ul 2 

H 1 g !" M i Mn 



ap 2 Mn apuu UnU 2 u 



by (jll.2|) and since itjj is diagonal at P. Finally, collect terms so that 

o> Mn + i'!i±i + ^ + -M-4+^ 



u ap J Mn V u 2 ap 2 ap 

and multiply each side of the inequality by u 2 U\\e u ^ to find a quadratic 
inequality 

w 2 + aw + b < 

1 2 

for io = |u|Mne2 u i at P the point in f2 at which the maximum of w is 
achieved. The coefficients a and 6 involve only n, a, p, u(P) and 'Ui(P), and 
so there is an upper bound of w on Q depending on only these quantities. □ 

This bounds d 2 jS away from infinity, which, together with Andrews's 
speed estimate, shows that the ellipticity is locally uniformly controlled in 
the interior of appropriate bowl-shaped domains. In the next section, we use 
barriers constructed from Calabi's example to find appropriate bowl-shaped 
domains. 



12 Applying Gutierrez-Huang's Estimate 

In this section, we find bowl-shaped domains which are uniformly large on 
any compact subset of T>°(s) for s = s(-,t) the support function of K{t). 
Upper barriers will be produced from Calabi's example to achieve this. 

First, we give an outline of our approach: Given a sequence of smooth 
solutions s to d t s = — (det Sij)~"+? , and a point y in T>°(so), modify s by 
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adding a linear function so that s\ t= o has its minimum at uq. Adding a linear 
function does not affect the flow. Then, if s(y , 0) = p, the sublevel set 
{(y,t) : s(y,t) < p, < t < T} is a bowl-shaped domain with (yo,0) at its 
vertex. In order to apply Gutierrez-Huang's estimate, we must ensure that 
these bowl-shaped domains are uniformly large. This amounts to showing 
that s must decrease by a definite amount in a neighborhood of (yo, 0). 

We achieve this by using barriers made out of Calabi's Example EJ For 
each of the n + 1 faces in Calabi's initial orthant C = C(0), consider the 
outward normal directions Y l , i = 1, . . . , n + 1. Under the affine normal flow 
of Calabi's example, the support function sc{Y l ,t) remains constant in t for 
each i — 1, . . . ,n + 1. Thus Calabi's example, in and of itself, is inadequate 
as a barrier to move the support function in directions normal to these faces. 

For our initial convex domain /C, we will obtain estimates only for those 
Y G V°(sic) the interior of the domain of the support function. For such a 
Y, there is a supporting hyperplane to /C with Y as its outer normal which 
intersects the hypersurface dJC in a compact set W. Then an appropriate 
barrier can be constructed as the intersection 

n+1 

X = f]c 

1=1 

of n + 1 affine images C l of Calabi's example so that the boundary of X 
has one bounded face which contains W and is normal to Y, and n + 1 
unbounded faces (for example, a U-shaped well in M 2 is the intersection of 
two affine images of the first quadrant). Under the affine normal flow, X(t) 
must remain inside each C*(t), and the explicit solution to Calabi's example 
then shows that the support function sx(Y) must move as t increases away 
from 0. The discussion below proves this geometric sketch by working with 
the support functions instead of the hypersurfaces involved. 

Here are the details of the construction. Recall Calabi's Example 0] from 
above: 

C(t) = {(x 1 , . . . , x n+1 ) e R n+1 : x i > 0, Yl x l = c n t^} 

i 

for c n = (n+ 1)^(^2)^ an d t > 0. Compute the support function for t > 
andF = ( 2 / 1 ,...,y" +1 ): 

+00 if any y l > 

s c {Y,t) = { / 5+2 +1 jA^i ., t (12.1) 

-(n + 1) [c n t n [[ i=1 \y l \J if all y % < 
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In our analysis, we restrict the homogeneity-one function s c to an affine 
hyperplane ~ M. n so that Sc(0) = on a simplex in IR n and is +00 elsewhere. 

Now consider the action of the affine group on the support function. If 
/C is a convex body and Y e M n+1 , recall s/c(Y) = sup xelc (x, Y). Then for 
any matrix A and vector b, 

SAK +b {Y) = Slc (Y)(A T Y) + (b,Y). (12.2) 

Therefore, for any simplex S in M. n and any linear function £(y) on M n , 

there is an affine image of C(0) whose support function restricted to an affine 
Rn c R n+i ig equal tQ £( y j on itg domain S. 

We will use n + 1 of these copies of Calabi's example to construct our 
barrier. Consider a regular (n + l)-simplex in M. n+1 with one vertex at the 
origin and so that the face opposite this vertex is in a hyperplane y n+l = c > 
and intersects the positive y n+1 axis. Then the n + 1 remaining faces of this 
simplex form the graph of a piecewise-linear convex function P whose domain 
is a simplex S n in W 1 centered at the origin. Extend this function to be +00 
outside S n . We refer to P as a polyhedral pencil function, after the shape of 
the region above its graph. 

Now consider our convex body /C = U^ =1 A?, and let SK,{y) denote the 
support function of /C restricted to an affine slice of W n+1 . Let Af be a 
compact subset the interior of the domain of s/c{y) (i.e. M is the intersection 
of the affine hyperplane M. n with a compact subset of T>°(sk:))- Then we 
know that s^™ = s m — > s = s^; uniformly on A/" and that |ds m | is uniformly 
bounded on Af. This bound on the first derivatives of s m means that there 
is a uniform A > 1 so that by replacing P(y) by X n P(Xy) : we have 

p(y -y) + it pj(y)(y 3 - v j ) + s ^y) > Uv) (12.3) 

for all y e Af, y G M n . 

So the polyhedral pencil function P provides an initial barrier at each 
point y E Af. We do not have an explicit solution for the evolution of P, 
but we can conclude enough to apply Gutierrez-Huang's estimates. Since 
P can be extended to be a convex, lower-semicontinuous function of ho- 
mogeneity one on M™ +1 , there is a corresponding convex body ICp whose 
support function is P. The affine normal flow on ICp induces a natural flow 
on P: P(Y,0) = P(Y) for all Y E R n+1 , and P(Y,t) is the support func- 
tion of K.p(t). Assume that the affine hyperplane M™ C R n+1 is given by 
{y n+1 = — 1}, and then we have 



46 



Lemma 12.1. P(0, . . . , 0, -1, t) < for allt>0. 



Note that in the notation Y = (y, —1), P(0, . . . , 0, —1, t) is just P(y, t) 
for y = 0. (So the Lemma may be restated as P(0, t) < for all t > 0.) We 
use this notation for the proof. 

Proof. Note P(0, 0) = 0. 

As a function of y, the domain of P(y, 0) consists of n + 1 simplices in 
IR ra , and P(y,0) is the restriction of a linear function on each one. P(y,0) 
is then the minimum of n + 1 copies Ci, . . . C n +i of Calabi's initial example, 
each properly modified by an affine transformation. Each of C\(t), . . . C n+ \(t) 
is an upper barrier for the evolution of P. Ck(0, t) — for all t > 0, however. 

To show that P(0, i) < 0, we use the fact that P(y,t) is always convex 
and less than each Ck{y, t). The explicit formula (jl2.1j) . together with ()12.2J) . 
shows that each Ck{y, t) < for y near zero on a ray Rk leaving the origin — 
this is because, near the origin, the — ([\ ^l)™^ term in (j!2.1|) will dominate 
any linear term coming from (|12.2|) . Since P(y,t) is convex in y and is less 
than each Ck{y,t), the graph of P(y,t) must be below the convex hull of 
the graphs of {Ck(y, 0}/e=i- Since is in the convex hull of the rays {Rk}^tl 
(because P was constructed using a regular (n+l)-simplex in M" +1 ) and since 
Ck(y, t) < for y G Rk near 0, we conclude P(0, i) < for each t > 0. □ 

For each y G J\f, and for m = 1, 2, 3, . . . , consider 

n 

s m (y) = s m(y) - s m (y) - ^ -^jiv)^ 3 - v 3 )- 

i=i y 

Then at t = 0, s m (?/, 0) has its minimum value of at y = y. As time goes 
forward, for each T > 0, the sublevel set {(y, t) : t G (0, T], s m (y,t) < 0} is 
a bowl-shaped domain. This bowl-shaped domain must contain the sublevel 
set 

B = {(y,t):te(0,T],P(y-y)<0}, 

which contains {0} x (0,T] by Lemma Il2.ll Note that B is (except for 
translation) independent of m and y G M . There is an increasing, positive 
function of t > e(t) so that for each y G A/", Gutierrez-Huang's estimates 
can be applied uniformly on the ball B e ( t )/2(y) x {£} to S m — since s m satisfies 
the same flow equation (j7.3J) as s m . 

Since the second derivatives of s m are the same as those of s m , Gutierrez- 
Huang's estimate Proposition lll.lt Andrews's speed bound Proposition ll(J. ll 
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and the convexity of s m imply uniform C 2 estimates on s m on each compact 
subset of T>°(s) x (0, T], where T is chosen so that each s m > r on [0, T] (this 
is possible for some T by choosing coordinates so that an evolving sphere 
centered at the origin as a uniform inner barrier.) 

Proposition 12.1. IfT is chosen so that each s m > r on S n x [0, T], then on 
each compact subset ofT>°(s) x (0, T] there are uniform spatial C 2 estimates 
for s m and the Hessian of s m is uniformly bounded away from zero. 

Recall that s^ —>■ sac everywhere on M n+1 x [0, T] by Propositions 18. H and 
17.11 The estimates will give greater regularity to this pointwise convergence. 

Note that the locally uniform spatial C 2 estimates in Proposition ll2.1l im- 
ply, by the evolution equation (|7.3|) . locally uniform parabolic C 2,1 estimates 
(i.e. two derivatives in spatial coordinates and 1 in t). Then, since the loga- 
rithm of the Monge- Ampere operator is concave, Krylov's interior parabolic 
C 2+a,l+% estimates Jig] are available. Ascoli-Arzela then shows that the con- 
vergence must be in C 2,1 on each compact subset of T>°(s) x (0, T\. Indeed, sjc 
is a C 2+a,1+ 2 solution on T>°(s) x (0, T], and further bootstrapping shows sjc 
is smooth. See e.g. Gutierrez-Huang ^5] for details on defining the C 2+a,1+ 2 
norm and on applying Krylov's estimates in the present case. 

A remaining issue is long-time regularity. Since long-time existence is al- 
ready guaranteed, we need only apply the estimates again starting at t — T. 
The only possible sticking point is that we still need to make sure that the 
same r satisfying s^m > r still works (in order to apply Andrews's speed 
estimate Proposition I1U.1J1 . This can be assured by an affine change of coor- 
dinates. As in the proof of Theorem I8.2[ K, contains ellipsoids of arbitrarily 
large volume. We can change the affine coordinates so that an appropriate 
ellipsoid becomes a sphere centered at the origin which is large enough to 
guarantee that s/c(Y, t) > 2r for all Y £ S n and t £ [T, 2T}. This is certainly 
enough to ensure that we can choose new exhausting domains K, m satisfy 
s Km (Y, t)>r for all Y £ S n and t £ [T, 2T]. 

Theorem 12.1. If K is an unbounded convex domain in M n+1 which con- 
tains no lines, then, under the affine normal flow, the support function s/c = 
Sfc(Y,t) is smooth and spatially locally strictly convex on T>°(sic) x (0, 00). 



48 



13 Regularity of the hypersurface 



We've seen in the previous sections that under the affine normal flow, if /C 
is an unbounded convex domain in W l+1 containing no lines, the support 
function sic evolves to be smooth and strictly convex for all positive time for 
all Y G V°{sk)- In this section, we verify that, for t > 0, every support- 
ing hyperplane of the evolving hypersurface dK,(t) has its normal vector in 
V°(sic). Therefore, since the smoothness and convexity of the hypersurface 
are determined by the regularity of the support function, the hypersurface 
dfC(t) is smooth and strictly convex for all t > 0. 

Theorem 13.1. Let JC be an unbounded convex domain in M. n+1 which con- 
tains no lines. Then, under the affine normal flow, the hypersurface dfC{t) 
is smooth and strictly convex for allt > 0. 
Moreover, if 

/c = |J/c\ /ec/e +1 , 

i 

where each K) is bounded and have smooth, strictly convex boundary, then 
for all t > 0, each p G dJC(t) has a neighborhood on which the sequence of 
hyper surf aces dK l (t) converges to dJC(t) in the C°° topology. 

The proof will depend on finding appropriate initial barriers. We begin 
with some easy results on the support function. 

Lemma 13.1. If JC is an unbounded convex domain in R™ +1 ; then for every 
nonzero Y G dV(s)c), there is a ray R perpendicular to Y which is contained 
in the closure fC. 

Proof. We work in terms of support functions. The support function is a 
homogeneity-one, convex, lower- semicontinuous function on R n+1 with values 
in (— oo,+oo]. Since /C is unbounded, s/c must assume the value +oo, and 
the convexity of Sfc implies Sfc is infinite on an open half-space of R n+1 . 
R C iC if and only if < s/c on all of IR n+1 . For the ray 

R = {w + rv : r > 0}, s R (Y ) = < , , / ' / „ 
1 _ J ' v ' \ +oo for (Y» > 0. 

Thus, given sjq and Y G dV(s/c), we seek an R so that R _L Y and s R < stc- 
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Since T>(s/c) is a convex cone in M n+1 with vertex at the origin, if Y G 
dV(sic), then P(s^) is contained in a closed half-space with Y in its bound- 
ary. Thus there is a nonzero vector v so that 

V( Sk: )c{Y:(Y,v)<0}, (Y o ,v) = 0. 

In order to find R, we also need a vector w so that (Y,w) < sjc(Y) for all 
Y G V(s/c)- This is easy: (Y, w) is the support function of the convex set {w}. 
So for any w £ JC, (Y, w) < s K (Y) for all Y G R n+1 , and R = {v+tw : r > 0} 
is the ray to be constructed. □ 

Lemma 13.2. If JC is an unbounded convex domain in M n+1 ; Y G &D(s/c), 
and R is any ray contained in JC, there is a half-cylinder Q pointing in the 
direction of R which is contained in the open set JC. 

Proof. Let B be an open ball contained in JC. Then the convex hull of R and 
B contains such a half- cylinder. □ 

We are now ready to prove Theorem 113.11 

Proof of Theorem \13.1\ We show that for all t > 0, every supporting hyper- 
plane of )C(t) must have outward normal vector Yq lying in V°(sic). Then 
the smoothness and strict convexity of the support function Sfc(t) imply that 
the hypersurface dJC(t) is also smooth and strictly convex. 

First we rule out the case Y V{sjc). In this case, there is a closed 
half-space of M. n+1 containing T>(s/c) but excluding Y Q . In other words, there 
is a nonzero vector v so that 

V(s K ) C {Y : (Y,v) <0}, (Y ,v)>0. 

Then, as in Lemmas 113.11 and 113.21 above, there is a half-cylinder Q in the 
direction of v contained in JC. Since there are ellipsoids of arbitrarily large 
volume inside Q to act as barriers, Q always intersects JC(t). Since Q is in 
the direction of v and (Y , v) > 0, this shows that s^(t)(io) — +°° f° r au 
t > 0. Since JC(t) is convex, this shows it has no supporting hyperplane with 
outward normal Y ^ V(sic). 

Finally, we show that if Yq G dV(sic) is a nonzero vector, then there is 
no supporting hyperplane to dJC(t) with outward normal Yq. By Proposition 
113. II below. SAc(t)(lo) = sjc(Yq) for all t > 0. Thus, we simply need to ensure 
that the hyperplane V = {x : (Y ,x) = s/c(Y )} does not intersect JC(t) for 
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t > 0. To achieve this, we choose an affine image X of Calabi's example as 
an initial outer barrier. In particular, one of the faces of X can be chosen to 
be contained in the hyperplane V. (Proof: The support function of X is a 
linear function on a cone over a simplex and is +00 elsewhere. To find such a 
function to be an upper barrier to s/c at Yq, note that for any closed simplex 
contained in T>(s/c), the support function s/c is continuous on this simplex by 
Theorem 10.2 in [22] ■ So for any cone C over a closed n-simplex containing 
Yq and contained in T>(sjc), we may find a linear function as an upper barrier 
to s/c at Y . Then extend this function to be +00 outside C.) The explicit 
solution to Calabi's example proves that V does not intersect X{t) D JC(t) 
for all t > 0. 

Thus all the supporting hyperplanes of dK.(t) have outward normal in 
X>°(sac), an d Theorem 113.11 is proved. □ 

Proposition 13.1. If K is a convex unbounded domain in M. n+1 which does 
not contain any lines, then under the affine normal flow, the support function 
sic(t)(Y ) = sjc{Y ) for allt>0 and Y e dV(sjc). 

Proof. It is obvious that s/c(t){Y Q ) < sjc(Y ) since the effect of the affine 
normal flow on support functions is to decrease them. We need only show 
s m (Y )>s K (Y Q )foTY edD(8 K ). 

We achieve this by using ellipsoids as inner barriers. Assume that s/c(Y ) < 
+00 and let e > 0. Then there is an x G K, so that 

(x,Y ) > s K (Y )-e. 

Lemmas 113.11 and 113.21 ensure that there is a half-cylinder Q C /C which 
points in a direction v perpendicular to Y . Then, inside the convex hull 
of Q and {x}, there is another half-cylinder Q' C K which points in the 
direction of v and whose central ray contains a point x' satisfying 

(x',Y )> s K (Y )-2e. 

Now there are ellipsoids of arbitrarily large volume contained in Q', and these 
inner barriers show that for all t > 0, there is a point x" on the central ray 
of Q! which is contained in JC(t). Now since x" — x' is perpendicular to Yq, 

s m {Y ) > (x",Y ) = (x',Y ) > s k (Yq) - 2e. 

Thus s/c(t)(Xo) > s ic(Xq) so long as s/c(Y ) < +00. The case s/c(Yq) = +00 is 
essentially the same. □ 
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14 A Dirichlet Problem 



Proposition 113.11 above shows that the affine normal flow on noncompact 
domains can be recast as a Dirichlet boundary problem for the support func- 
tion, although discontinuous and infinite boundary values are allowed. In 
the interior T>°(s)c), the support function evolves by the affine normal flow 
equation, while the value of the support function on the boundary &D(s/c) is 
fixed. At each positive time t, sjc(t) is lower-semicontinuous. 

In terms of PDEs, we can take an affine slice of the domain of the support 
function. Consider first the case when T>(s^,) contains no lines (this is true 
if and only if K, contains a nonempty open convex cone). In this case, we 
can choose coordinates so that fi = {?/ G R n : (y, — 1) G V°(s/c)} is bounded. 
The support function, when restricted to this hyperplane, then satisfies the 
Dirichlet boundary problem for the flow equation 



with initial condition given by sk,. If V°(s/c) does contain a line, then we must 
consider more than one affine hyperplane slice. Since sx: has homogeneity 
one, this amounts to considering s/c as a section of the tautological bundle 
over projective sphere Sp = (M n+1 \ {0})/lR + , where M + acts on M n+1 by 
homothetic scaling. 

Alternately, we can consider s = s/c restricted to the Euclidean sphere 
S n . Define a subset of S n to be convex if it is the intersection of S n with 
a convex cone in M. n+l with vertex at the origin. Then T = S n fl T>°(s) is 
a convex domain in S n , and s evolves under the affine normal flow via a 
Dirichlet problem on T with equation, as in j2J, for s = s|§« 



Here s. a b denotes second covariant derivative of s with respect to the standard 
connection on § n and the subscripts a, b indicate an orthonormal frame. 

It is an interesting question to study under what condition this Dirichlet 
problem admits a unique solution. We plan to study this problem in detail 
later. We remark now that in the case that when s is continuous when 
restricted to the boundary &D(s), then s must be continuous on the closure 
T>(s) (see Lemma Il4.ll below). Thus in the case s is continuous and finite 
when restricted to dD(s), the Dirichlet problem has a unique solution by the 
maximum principle. 




s t = - [det (s. ab + sS ab )} 



n + 2 
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Lemma 14.1. Let s be a convex, lower semicontinuous function from M. n to 
(—00,00]. If s is continuous when restricted to dD(s), then it is continuous 
on the closure of its domain T>(s). 

Proof. Let Xi G T>°(s), i, -> i 6 &D(s). Let z G T>°(s) and let y^ be the 
intersection of dD(s) and the ray from z to x«. y^ — > x and so s{yj) — > s(x). 
Moreover, s is convex restricted to each such ray, and so 

s(j/i) - s(xi) > j 1 _ Xl ] [s(xi) - s(z)]. 

Thus, since |y, — — z| — > 0, 

limsup s(xi) < lims(yj) = s(x). 
Lower semicontinuity then shows lims(xj) = s{x). □ 



15 Proofs of Theorems 

Here we restate Theorem 11.11 a bit more precisely: 

Theorem 15.1. Let C(t) be a solution to the affine normal flow defined for 

all t G (—00,0). Assume that at some to G (— 00, 0), the convex hull C(to) 
contains no lines. Then C(t) must be a paraboloid translating in time or an 
ellipsoid shrinking in time. 

Proof. Consider C'(t) defined for t G [r, 0) so that C(r) is smooth, compact, 
and strictly convex. Then Proposition 15.21 and the semigroup property show 
that the cubic form 

\r\ 2 < Cn 

for all t G [r, 0) for c n a constant depending only on the dimension. 

Theorem 113.11 then shows that C(t), for t G [r, 0), is locally a C°° limit of 
such £{t). Thus |C||/^ < c n /(t — r) also. Since C(t) is an ancient solution 
we may let r — > —00. So Cijk = identically on C(t) for all t. 

A well-known classical theorem of Berwald (see e.g. Cheng- Yau [H] or 
Nomizu-Sasaki [20]) shows that C(t) must be a hyperquadric: an ellipsoid, 
a paraboloid, or a hyperboloid. Only the ellipsoid (a shrinking soliton) and 
the paraboloid (a translating soliton) are part of an ancient solution. □ 
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We can also prove the following existence result on hyperbolic affine 
spheres which is essentially due to Cheng- Yau jS]. The essential step, due to 
Cheng- Yau, is to solve the Monge- Ampere equation 



on a convex bounded domain C R ra . The radial graph of — -r over fi is 
then a hyperbolic affine sphere asymptotic to the boundary of the cone over 
Q. We note that the proper embeddedness of the hyperbolic affine sphere 
is contained in Gigena [T3j and Sasaki j2H|. See ^J] for a more complete 
discussion. 

Theorem 15.2. For every open convex cone C in R™ +1 which contains no 
lines, there is a properly embedded hyperbolic affine sphere in M. n+1 asymptotic 
to the boundary ofC. 

Proof. Example H3 ensures that under the affine normal flow, the boundary 
dC evolves as an expanding soliton dC(t). The regularity result Theorem lf 3.11 
ensures that for t > the hypersurface dC(t) is smooth and strictly convex. 
Thus, for each t > 0, dC(t) is a hyperbolic affine sphere by Proposition 19.11 
The discussion in Section ITU shows that dC{t) is asymptotic to the boundary 
of the cone C. □ 
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